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Abstract 

We give explicit integral formulas for the solutions of planar conjugate con¬ 
ductivity equations in a circular domain of the right half-plane with conductivity 
cr{x, y) = x^, p £ Tj* . The representations are obtained via a Riemann-Hilbert prob¬ 
lem on the complex plane when p is even and on a two-sheeted Riemann surface 
when p is odd. They involve the Dirichlet and Neumann data on the boundary of 
the domain. We also show how to make the conversion from one type of conditions 
to the other by using the so-called global relation. The method used to derive our 
integral representations could be applied in any bounded simply-connected domain 
of the right half-plane with a smooth boundary. 
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1 Introduction and main results 

We seek explicit integral expressions for real-valued solutions of the Neumann/Dirichlet 
problem for the following two conductivity equations, considered in a bounded simply 
connected domain C of the right half-plane El = {(x, y) G a; > 0}, 

Div (aVu) = 0, Div Vnj = 0, (1.1) 

for the particular case of conductivity <j{x,y) = p £ Z. For a general conductivity 

<j{x,y) > 0, a; G El, the two equations are conjugate in the following sense. If the function 
u satishes the hrst equation in (1.1) then the differential form —adyudx + ad^udy is closed, 
so by applying Poincare theorem in the simply connected H, there exists a function v such 
that 

dxV = —adyU, dyV = ad^u. ( 1 . 2 ) 

Then, v solves the second equation in (1.1). Conversely, for such a n, the differential form 
a~^dyvdx — a~^dxvdy is closed and there exists a function u that satisfies (1.2) and the 
hrst equation in (1.1). Moreover, letting 

z/ = (1 — (j)/(l -I- ct) G M, 


1 



we have that (1.2) is equivalent to the so-called conjugate Beltrami equation, 

df = vdf, (1.3) 

for the complex-valued function f = u + iv in VL. This equation differs substantially from 
the classical and extensively studied Beltrami equation df = lydf. The link between 
the conductivity equations (1.1) and (1.3) was used in [3] to investigate the Dirichlet to 
Neumann map. For a detailed study of the conjugate Beltrami equation (1.3) see e.g. [4]. 

When a = 1, the equations in (1.1) reduce to the Laplace equation and (1.2) to the 
Cauchy-Riemann equations. When a differs from 1, we may speak, by analogy, of a a- 
harmonic function u and a z/-holomorphic function /. For the conductivity u{x, y) = 
p eN*, the equations in (1.1) rewrite as 

Am -|- —dxU = 0, (1.4) 

X 

Av — -dxV = 0. (1.5) 

X 

These equations are particular case of the general elliptic equation 

cy 

Au -\—dxU = 0, a G M, (1.6) 

X 

which is the topic of the so-called generalized axially symmetric potential theory (GASPT), 
see [29]. The name comes from the relation with the Laplacian in spaces of higher dimen¬ 
sions. For instance, let (r, ip, z) denotes the usual cylindrical coordinates in be a 

domain in the {x, ; 2 )-plane, and 11' C be the domain obtained by rotation of H about 
the 2 :-axis. Then, u{r,z) is a solution of Au{r,z) + r~^dru{r, z) = 0 in H if and only if 
u{r, z) is harmonic in H'. Actually, a similar relation holds for the more general equation 
(1.4) when p G N*. Indeed, if r = {x^ -f ■ ■ ■ -f and U{xi^... , 0 :^+ 2 ) = ^(r, 0 :^+ 2 ) 

then one checks easily that 

V 

AU (xi,..., Xp+ 2 ) = Au{r, Xp+ 2 ) + -drU- 

When considering a domain H with some simple geometry, this link with the Laplacian 
allows one to get explicit bases of solutions via the method of separation of variables. 
For instance, toroidal harmonics (i.e. Legendre functions with half-integer degrees, see 
e.g. [19]) give a complete set of solutions to (1.6) when a = ±1, cf. [2,22,26]. The fact that 
generalized Legendre functions can be used to solve (1.6) for complex values of a appears 
in [6,7]. 

The GASPT theory has been investigated by many authors, among whom Weinstein 
[28-31], Vekua [27], Gilbert [12-15], Henrici [16-18], Mackie [21], Ranger [23]. Equation 
(1.6) is related to a variety of problems in physics. In particular, when p = 1, equation 
(1.4) can be interpreted as the linearized version of the Ernst eqnation in the case of a 
static spacetime. In [20], this equation was stndied in the unbonnded domain consisting 
of the exterior of the real segment (0, po) iii fhe right half-plane El and was related to the 
relativistic gravitational held prodnced by a rotating disk of matter. Equation (1.5) with 
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p = 1 is related to the behavior of plasma in a tokamak. The goal of this device, which 
has a toroidal geometry, is to control location of the plasma in its chamber by applying 
magnetic helds on the boundary. From an assumption of axial symmetry, the problem is 
reduced to a plane section. Then, it follows from the Grad-Shafranov equation, a second- 
order elliptic nonlinear partial differential equation, see [5,24], that the magnetic flux in 
the vacuum between the plasma and the circular boundary of the chamber satishes the 
homogeneous equation (1.5). Note, that in this instance, the conductivity equation (1.5) 
takes place in an annular domain, that is a doubly connected domain. 

Another interesting feature of equation (1.6) is that it satisfies recurrence and symmetry 
relations with respect to the coefficient a. Namely, denoting by {Ea) the equation (1.6), 
the following holds: 

u{x,y) solves (Ea) if and only if x~^dxu{x,y) solves {Ea+ 2 ), (1-7) 

u{x,y) solves {Ea) if and only if x°‘~^u{x,y) solves {E 2 -a), (1-8) 

see e.g. [30]. Finally, note that, since equation (1.6) is elliptic, we know, by general results, 
see e.g. [11], that the Dirichlet problem with datas on the boundary dQ of the domain has 
a unique solution, which is in G. 

In the present paper, we will stick, for simplicity, to the case of a domain G being the 
open disk Va = D{a, 1), lying in the right half-plane H, with a > 1 a point on the positive 
real axis. As briefly explained at the end of Section 3, the approach used to derive our 
integral representations could be adapted to a general Jordan domain G in El bounded by 
a smooth curve. 

The hrst results of our study are the following Theorems 1.1 and 1.3, which give explicit 
integral representations for the solutions of equation (1.6) when a is an even and odd 
negative integer respectively. The method of proof follows the general scheme of the so- 
called unihed transform method, see [8]. It uses a Lax pair, from which one may dehne a 
function (j){z, k) depending on a spectral parameter k, and which can be characterized as 
the solution of a specihc singular Riemann-Hilbert problem in the /c-plane. Solving this 
Riemann-Hilbert problem leads to the seeked integral representations. 

In the sequel, for 2 ; inside the disk Va, we denote by Zr the point on the circle Ca = 
C{a, 1) which has the same imaginary part as and lies to its right. 

Theorem 1.1. Let u be a solution of the equation 

Au + ax~^dxU = 0, a = —2m, m eN, 

in the domain Va with smooth tangential and (outer) normal derivatives Ut and Un on the 
boundary Ca- Then u admits the integral representation 

u{z) = -Im [ {{k — z){k+ z))"^J{z,k)dk + 2Re{ar) + u{zr), zEVa, (1.9) 

^ J {z,Zr) 

where integration is on the segment (z,Zr), and the quantity can be explicitly computed 
in terms of the tangential derivatives along Ca of Ut and Un, up to order m — 1, at Zr- The 
function J{z,k) is given by 

J{z,k) = -[ W{z',k), 

JCa 
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where W{z, k) is the differential form 

W{z,k) = {{k — z){k+ zf) ™ ^ {{k+ z)uz{z)dz + [k — z)uz{z)dz) (1.10) 

= {fk - z){k+ z)) ™ ^ {{k-iy)ut{z)+ixun{z))ds, (1.11) 

with z = X + iy and ds the length element on Ca- 

Remark 1.2. In the particular case o; = m = 0, equation (1.6) is Laplace equation and 
the solutions u are simply the functions harmonic in Va- In this case, the expression in 
the right-hand side of (1.9) simplihes to 

—Im f f W(z',k)dk + u(zr) = —lm f f ( ^ dz + ^ dz\ dk + uizr) 

^ ^ Jiz,z.)JcAk-Z k + Z ) 

= —Im / —2muz{k)dk + u{zr) = — / Ux{x)dx + u{zr) 

J (z,Zr) J (z,Zr) 

which is indeed u(z). Note that in the second equality we have applied Cauchy formula to 
the analytic function Uz(z). 

Theorem 1.3. Let u be a solution of the equation 

Au + ax~^dxU = 0, a = —2m -|- 1, m eN, 


in the domain Va with smooth tangential and (outer) normal derivatives Ut and Un on the 
boundary Ca- Then u admits the integral representation 


u{z) = ——Im 

ZTT 


I' [{k - Zr){k + ZrAj{z,k) 

'Ca \/{k- z){k + z) 


dk + u{Zr), 


Z G T>a 


( 1 , 12 ) 


where integration is on the circle Ca, oriented counter-clockwise. The square root in the 
denominator has a branch cut along the segment {—z,z). Integration starts at Zr where 
the square root is taken to be positive, and its determination is chosen so that it remains 
continuous along the path of integration. The function J{z,k) is explicitly given in terms 
of the tangential and normal derivatives Ut and Un and their derivatives of order up to 
m — 1 along the boundary Ca. It can be written as a sum. 


J{z, k) = J^{Zr, k) 


W{z',k), keCa, 


(1,13) 


see (3.16)-(3.23) for a precise definition of J{z, k). The path of integration in the above 
integral is the subarc from Zy to k on Ca. It lies in {Imz > Im;^^} when Imk > Im^:^ and 
in {Imz < Im^:^} when Imk < Im^:^. The definitions of and the differential form W 
involve the square root 

\{z',k) = \/{k - z'){k + z'), 

with a branch cut along the segment {—z',z'). We choose the determination of X{zr, k) that 
behaves like k (resp. —k) at infinity when Imk > Im^:^ (resp. Imk < \mzr) and then keep 
a continuous determination of \{z',k) when z' moves along the path of integration. 


4 



Remark 1.4. Making use of the symmetry principles (1.7) and (1.8), one deduces easily 
from Theorems 1.1 and 1.3 similar integral representations for the solutions of (1.4), that 
is in the case of a positive integer coefficient a. 


The second result concerns the correspondance between the Dirichlet and Neumann 
data Ut and Un- Having a Lax pair is equivalent to the existence of a closed differential 
form. By Poincare lemma, this leads to the vanishing of an integral on a closed contour, 
the so-called global relation. In the present case, it will follow from results in Section 2 
that 



z){k + — iy)ut{z) -I- ixun{z))ds 


0 , 


keC\{v,uv_,). (1.14) 


It is sometimes conjectured that there always exists at least one global relation (i.e. a 
Lax pair) that allows for the recovering of one type of boundary values from the other 
one. In the case of an even coefficient a, we show that, indeed, this correspondance can 
be performed explicitly from such a relation. 

Theorem 1.5. Assume a = —2(m — 1), m G N*, and Ut is a given function in L^{Ca)- 
Let Un be a function in L‘^{Ca) such that the global relation (LI 4 ) holds true. Then, Un is 
unigue and can be explicitly recovered from that relation. A similar statement holds when 
a = 2{m + 1), m & N. In that case, (l.lf) does not allow the reconstruction of Un. A 
relation that works is obtained by integrating another differential form, see (2.6). 

Remark 1.6. Making use of the equation conjugate to (1.6), that is changing a into —a, 
we derive the converse reconstruction of the Dirichlet data Ut from the Neumann data 
still when a G 2Z is an even coefficient. In Theorem 1.5, it is actually not necessary to 
assume smoothness of the functions Ut and on the boundary circle Ca. Hence, we only 
assume these functions to be on Ca- 


Apparently, the reconstruction of Un from (1.14), or a similar relation, is not completely 
straightforward. It may be conjectured that the reconstruction of Un should be possible by 
an integral transform, like one of the Abel type, see e.g. [25]. We were not able to hnd such 
an integral transform in the present case. Our method uses rather the symmetry involved 
in the problem and the property of a particular linear differential equation stemming from 
the computation of a contour integral by Cauchy formula. 

In Section 2 we recall the notion of Lax pairs and compute such pairs for the equation 
(1.6). We also briefly discuss the use of a Lax pair, or the related global relation, in deriving 
an explicit correspondance between Dirichlet and Neumann data in the simple case of the 
Laplace equation. The study of two specihc Riemann-Hilbert problems, leading to the 
proofs of Theorems 1.1 and 1.3, is performed in Sections 3. The proof of Theorem 1.5 is 
displayed in Section 4. 


2 Lax pairs and closed differential forms 

A Lax pair for a partial differential equation P(u) = 0 is a pair of ordinary differential 
equations, for a function f related to u, which are compatible precisely when P{u) = 0. 
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The general equation (1.6) admits such a Lax pair. Indeed, writing (1.6) with respect to 
the complex variables 2 : and z, we get 

a , . 

'^zz T I \^z T Uy) 0, (2.1) 

and a possible way to hnd a Lax pair is by rewriting (2.1) in the form 

{f{z, z)uy)z + { 9 {z, z)u^)y = 0, (2.2) 


where the functions / and g have to be determined. Expanding (2.2) and comparing with 
(2.1), we get 




a 

2(z + z) 


if + 9 ), 


9z 


a 

2(^z + z) 


if + 9)- 


(2.3) 


Differentiating the first equation with respect to ; 2 , the second one with respect to ; 2 , and 
adding, we obtain 


(/ + 9)zz — 2 ('^ ^ iif + 3)z + (/ + 9)z) 


a 

{z + zy 


if + 9 ), 


so that f + 9 satishes the adjoint equation of (2.1) (see e.g. [9, Chapter 7] for the notion 
of the adjoint equation). We seek solutions in the form 


if + 9)iz, z) = (z + z)A(z)B(z). 


Plugging that in the previous equation leads to 

{z + z)A;^By = («/2 — 1){ABy + A^B), 


and thus 

— (q;/2 — yAjAz + z = k = ia/2 — 1)B/B^ — z, 

where k may be any complex number. It is a new, additional parameter in the problem, the 
so-called spectral parameter. Solving for the two equations, we get, as possible solutions, 

A(z) = {k- zy^^-\ B{z) = -{k + zy^^-\ 

In view of (2.3), we may thus choose for / and g, 

f{z, z) = {k- zYl‘^{k + z) = -{k - zY/^-\k + 

Hence, (2.1) is equivalent to 

{{k + ^)“/2-1(A; - zY^^y)^ - {ik + Y^/^ik - zY'^~^uf)_ = 0. 

This last equation is equivalent to the compatibility of the two ordinary differential equa¬ 
tions 


(t)Yz, k) = {k + zY^'^ik - zY^"^ ^uYz), (t)Yiz, k) = {k + zY^"^ ^ik - zY^’^UyY), (2.4) 

which thus gives a Lax pair for (2.1). Equivalently, we may express the property of the 
Lax pair as the closedness of a differential form. 
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Proposition 2.1. The function u satisfies (2.1) in a bounded, simply connected domain 
fl ofM. if and only if the differential form 

z W{z,k) = [{k — z){k+ ^ [{k+ z)uz{z)dz + {k — z)ufiz)dz'\ (2.5) 

is closed in 12 . Note that, when a G 2N*, the differential form has no singularities in 12 
and k can he any complex number. Otherwise, for a G M \ 2N*, W{z, k) has either a pole 
or a branch point at k and —k, so that k should lie outside 12 and — 12 . 

Making use of the symmetry relation (1.8), we derive a second Lax pair, namely 

fiz{z, k) = {k + zf-^/^k - z)-^/\{z + zy-^u)z(z) 

= {k + zf-^l^{k - zY’^I^^Z + ^)“- 2[(;2 + YUz{z) + (a - l)u{z)], 

(j)Yz, k) = {k + - zY-'^/^{{z + Y'"~^u)z{z) 

= {k + ^)“"/^(/c - zY~°‘^'^{z + Y°'~‘^[{z + z)uz{z) + (a - 1 )m(;2)], 

and the related closed form 


z W{z,k) = \{k — z){k + zY ^ 

■ [{k + z){‘^^'^z{z) + (a — l)u{z))dz + [k — z){2xufiz) + [a — l)u{z))dz'\. (2.6) 

This second differential form will be useful in Section 4. 

We end this section with a brief discussion on the possible use of a Lax pair for the 
derivation of an explicit correspondance between different types of boundary data. It is 
easy to check that not all Lax pairs can achieve this goal. For instance, if we consider (2.4) 
when m = 0, we get 


(j)z{z, k) = Uz{z)/{k - z), (YY, k) = Uz{z)l{k + z), 


which is a Lax pair for the Laplace equation Am = 0. If we choose as a domain 12 the unit 
disk D, the differential form W(z, k) from Proposition 2.1 is closed in D and thus we get, 
in terms of the tangent and normal derivatives Ut and Un on the unit circle. 



XUn{z) , 
{k-z){k + Y 


{y + ik)ut{z) 

{k-z){k + Y 


keC\B. 


(2.7) 


Assume that the tangent derivative Ut is known, hence also the integral in the right-hand 
side, equal to some function fiY). Decomposing the real function xun{z) = g{z) +g{l/z), 
with g{z) analytic in D, 5f(0) G M, it is readily checked that (2.7) rewrites as 


aY/k) -g{-l/k) = kfi{k), 


which allows one to recover only the half of g, namely the imaginary parts of its even 
Taylor coefficients and the real parts of the odd ones. 

On the contrary, when considering the domain T>a = D{a, 1) instead of D, we will see 
in Section 4 that the Lax pair in (2.4) is sufficient to recover the Dirichlet to Neumann 
correspondance. 
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3 Characterization by a Riemann—Hilbert problem 

The goal of this section is to prove Theorems 1.1 and 1.3. 

3.1 Case of a negative even integer coefficient a = —2m, m G N 

Proof of Theorem 1.1. The differential form W{z, k) rewrites as 

W{z,k) = — z){k+ z)) ^ ^ + z)uz{z)dz + {k — z)uz{z)dz^. (3.1) 

Equations (2.4) can be written d(j) = W and we thus construct a function 0 of the form 

<t>{z,k) = j^^W{z\k), (3.2) 

where the path of integration needs to be defined. For k such that Im /c > Im we integrate 
from Zr to 2 : following the lower part Ciow of the circle C and then the segment from zi to 
; 2 . For k such that Im/c < Im;^, we integrate from Zr to following the upper part of the 
circle Cup and then again the segment from zi to z, see Figure 1. This defines <p{z, k) as an 



Figure 1: The paths of integration 71 and 72 from Zr to respectively along Cup and Ciow 
for the definition (3.2) of (f){z,k). 

analytic function of k outside of the line through and —^ where it may possibly have 
a jump. We remark from (3.1) and (3.2) that the function k h-)■ (^{z, k) has poles of order 
m at k E {—Zr, —z,z,Zr} if m > 0 and logarithmic singularities if m = 0. It also satisfies 
the symmetry relation 

(j){z,—k) = —(j){z,k). (3.3) 

In the sequel, we use the notations (l)'^{z,k) and (f)~{z,k) for the limit values of (f>{z,k) 
when k tends to the left and right of a given arc, according to its orientation. The fact 
that the differential form W{z', k) is closed in the disk T>a when k lies outside of that disk 
implies that there is no jump 


J{z,k) := (f)'^{z,k) — (f) {z,k), 













of 0 ( 2 :, k) on the part of outside of Va and —Va- For k inside the disks, we have 


J{z,k) = — W{z',k), k E {z, Zr) U {—Zr,—z), 

JCa 

J{z,k) = Q, k e {zi,z)\J {-z,-zi). 

For computing the jump on {—Zri—z), we have used the symmetry (3.3). For the jump 
on (zi,z), we have deformed the two paths of integration into the segment (zr,z) which 
is possible by closedness of the differential form W(z',k). Note that k h-)■ J{z,k) has 
no singularity in and Zr- In z it is clear, while in Zr, it can be seen by performing m 
integrations by parts of W{z'^ k) on the closed contour Cq, see also [10, Section 4.4] for a 
similar computation. Concerning the function k h-)■ (p{z, k), as said before, it has poles of 
order m at {z, Zr, —z, —Zr} if m > 0 and logarithmic singularities if m = 0. Moreover, at 
inhnity, it behaves like 

(j){z, k) —)■ {u{z) — u{zr))i as /c —)■ cx). 

If m > 0, we renormalize the problem at infinity by defining 

(j){z, k) = {{k - z){k + z))'^(t){z, k), (3.4) 

J{z, k) = {{k -z){k + z))^J{z, k). (3.5) 

Then, the function k h-)■ 0 ( 2 :, k) behaves like k~^{u{z) — u{zr)) at inhnity and is regular at 
and —except for logarithmic singularities when m = 0. It still has polar singularities 
at Zr and —Zr- Let us denote by (pzr-zri^i polar part at these points, that is the sum 
of the terms of negative degrees in the Laurent expansions of <p{z, k) at Zr and —Zr- The 
function 0 — (f>zr-zr is analytic outside of the segments {z, Zr) and (— —z) where it has 
the jump J{z, k). It has at most logarithmic singularities at {z, Zr, —z, —Zrj and vanishes 
at inhnity. 

These properties completely determine the function 0 — (j)zr,-zr- Indeed, if there were 
another function with these properties, their diherence would be entire and vanishing at 
inhnity, hence the zero function. Thanks to the Plemelj formula, we have an integral 
expression for (p{z, k) — (t>zr-zr{z, k), namely, 

0 (^, k) - ^zr,-zr{z, k) = 7 ^ [ 

2171 J(-Zr,-z)Uiz,Zr) ^ ^ 

Denoting by and a-r the residues of <p{z, k) at k = Zr and k = —Zr respectively, and 
equating the coefficients of k~^ in the expansion of (3.6) at inhnity, we get 

u{z) — u{Zr) = ttr + tt^r -- [ J{z, k')dk' 

= 2Re (a^)-Im [ J{z,k')dk', 

J {z^Zr) 
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where we have used the symmetry relation —k) = —(t>{z, k). It remains to show that 
the residue ar can be explicitly computed from the knowledge of the derivatives Ut and 
on Ca- From (3.4), it is snfficient to know the polar part of <p{z, k) at Zr- To compnte this 
polar part, we hrst rewrites W{z, k), dehned in (3.1), by expressing the complex derivatives 
in terms of the tangential and (outer) normal derivatives on the circle Ca, 

1 _ 1 

Uzdz = -{ut + iun)ds, Uzdz = -{ut - iun)ds, (3.7) 

with ds the length element on Ca- We get, with z = x + iy & Ca, 

W{z,k) = {{k — z)(k+ z)) ™ ^ {{k — iy)ut{z) + ixun{z)) ds, 

= {k — z)~'^~^w{z, k)dz 

where 

w{z, k) := {k + z)~'^~^ {{k - iy)ut{z) + ixuniz)) t~^{z) 
and t{z) denotes the unit vector tangent to Ca at the point ; 2 . Let us set 

dtf := T~\z)dtf (3.8) 

for a function / on Ca- Because of analiticity, 

dz{k — z)~^~^dz = dtik — z)~^~^ds = dtik — z)~^~^dz, j = m — 1 ,..., 0. 

Hence, performing m integrations by parts on the integral in (3.2), we obtain 


(t){z,k) = co[{k - z') '^w{z',k)Y^ + 


+ Cm-l 


{k — z') ^(9^™ ^^w{z',k) — Cm-i I {k — z') ^dY'^w{z',k)dz', (3.9) 




where 

Cj = (—l)W(m — j)/V{m + 1 ), j = 0 ,... ,m — 1 . 

The polar part of p^z, k) at Zr can be read in the bracketed terms in (3.9) as 


dYw{Zr,Zr) 


1 


( 9 ^™' ^^w{Zr,Zr) 

k — Zr 


where dk denotes the operator of differentiation with respect to the variable k. This hnishes 
the proof of Theorem 1.1. □ 


3.2 Case of a negative odd integer coefficient a = —2m+ 1, m G N 

Proof of Theorem 1.3. The differential form (2.5) now rewrites as 

W{z,k) = {{k — z){k+ z)) {^k+ z)uz{z)dz + {k — z)uz{z)d'P)- (3.10) 
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The novelty with respect to the even coefficient case is that W(z, k) involves the square 
root 

\{z, k) = a/(/c - z){k + z) 

which, as a function of k, is dehned on a Riemann surface Sz of genus 0, consisting of 
two copies of C, denoted by 1 S 24 for the upper sheet, and by Sz ,2 for the lower sheet. The 
two sheets are glued together along a branch cut from 2 ; to —z, that we choose to be the 
horizontal segment {—z,z). We denote by Ai and A 2 the determination of the square root 
A, as a function of k, on the upper and lower sheets of Sz where we assume that 

Ai( 2 :, k) = k{l + 0{l/k)), as /c —)■ cx)i on the upper sheet (3.11) 

\ 2 {z,k) = —k{l + 0{l/k)), as /c —)■ 002 on the lower sheet Sz, 2 - (3-12) 

We also denote by Wi and W 2 the values of the differential form W corresponding to the 

determinations Ai and A 2 of the square root. For future use, we remark that the function 

X{z, k) and the differential form W{z, k) satisfy the following symmetry relations: 

X(z, -k) = -\{z, k), W{z, -k) = W{z,k). (3.13) 

As in the previous section, we construct a function 0 of the form 

<t>{z,k) = j^^W{z\k), (3.14) 

where the path of integration needs to be dehned. Similarly to the method applied in [20], 
we dehne, for each ; 2 , the function k —)■ (j){z, k) as a map from the Riemann surface Sz 
to C. The path of integration in (3.14) is chosen to be 71 when k G and 72 when 
k G Sz^ 2 ) see Figures 2 and 3. Note that, when k lies outside of the convex hull of the two 



Figure 2: Orientation of contours and path of integration 71 (solid line) for the dehnition 
(3.14) of <p{z, k) on the upper sheet The path starts at Zr-, goes along the upper part 
Cup of the circle Ca to zi and then follows the horizontal segment up to 2 ;. The choice of 
the determination of the square root A at the initial point Zr of the path 71 depends on 
the region which contains k. 
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Figure 3: Orientation of contours and path of integration 72 (solid line) for the dehnition 
(3.14) of (f>{z, k) on the lower sheet Sz, 2 - The path starts at Zr, goes along the lower part 
Clow of the circle Ca to zi (thus describes Ciow clockwise) and then follows the horizontal 
segment up to The choice of the determination of the square root A at the initial point 
Zr of the path 72 depends on the region which contains k. 


symmetric circles, the branch cut from z' to —z' never intersects k as z' goes from z^ to 
2 : along 7 i or 72 . For such k, we may therefore use the same determination of the square 
root X{z',k) for computing the integral (3.14). When k lies inside one of the circles (i.e. 
regions I and II in Figures 2 and 3), the branch cut intersects k once. Hence, for k G 
lying in the upper part of one of the two circles, we use the determination of the square 
root X 2 {z',k) on the hrst part of integration, before the crossing, and the determination 
Xi{z',k) after the crossing, and conversely for k G Sz ^2 lying in the lower part of one of 
the two circles. Finally, when k lies between the two circles, the branch cut intersects k 
twice, so that, in this case, we start integration with the determination of the square root 
X{z', k) corresponding to k, then change to the other determination after the hrst crossing, 
and come back to the hrst determination after the second crossing. 

The function (p{z, k) is an analytic function oik E Sz outside of arcs where it has jumps. 
Note that, in view of (3.10), it has poles of order m at /c G {z, Zr, —z, —W}- 

As in the previous section, (^'^{z, k) and 0 “( 2 :, k) denote the limit values of 0 ( 2 :, k) when 
k tends to the left and right of a given contour, according to its orientation. Let us compute 
the jumps, 

J{z, k) = (t)^{z, k) — (t>~{z, k), 

of the function (p^z, k) on the diherent arcs shown in Figures 2 and 3. As in the previous 
section, we denote by Cup the part of the circle Ca = C{a, 1) above the segment {zi, Zr) and 
by Clow the part of the circle Ca below that segment. For k on one of the two circles, we 
denote by k the other point on the circle with the same imaginary part, that is, we have 

k — a = —{k — a), A; G Ca 

k + a = —{k + a), k E —Ca- 

To compute the jumps J{z, k) we hrst rewrites W{z, k), dehned in (3.10), in terms of ds, 
the length element on Ca- By the same computation as the one in the previous section, we 
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now get, with z = x + iy ^ Ca, 


W{z, k) = (^{k — z){k + z)^ ^ {{k — iy)ut{z) + ixUn{z)) ds, 

= {k- z)-^-^/^w{z,k)dz 


where 

w{z, k) := {k + ((/c - iy)ut{z) + ixun{z)) t~^{z) 

and t{z) still denotes the unit vector tangent to Ca at the point Performing m inte¬ 
grations by parts on the integral in (3.14), we obtain in a similar way as in the previous 
section. 


0(^, k) = Co [{k - z) k)] + 

+ c^_i \{k - k) 


1 


[k — z') ,k)dz\ (3.15) 


where 

Cj = (-l)^r(m - 1/2 - j)/r(m + 1/2), j = 0,..., m - 1, 

and the operator dtf is still dehned by (3.8). The bracketed terms contain the polar parts 
of (j){z,k), of degree m, at 2: and Zr- Note that the last integral converges when k G Ca- 
Assume k G and lies on the right half of Cup- Then, from the above dehnition of 0, we 
derive that 

pk 

.J{z,k) = JKZr,k)+ W^{z',k), 

J Zr 

with 


m—1 


Jl{Zr, k) =2 ^ Cj{k — ZrY k) , (3.16) 

j=0 

W\{z'^ k) = 2cm-i{k — z')~^^‘^dj."^'^wi{z', k)dz', (3.17) 


where the subscript 1 in the above expressions means that we use the determination Ai of 
the square root to evaluate them. The jumps on the left half of Cup on and on Ciow 
on Sz ,2 can be computed in the same way. The jumps on —Cup and —Ciow can be derived 
from the symmetry relation satisfied by (j){z, k), 

(j){z,-k) = (j){z,k)- 


The result is as follows. For k G 


J{z, k) 

J{z, k) 
.J{z, k) 


7 /( 2 :^, k)+ W\{z'^ ^ on the right half of C„p, (3.18) 

O {Zr-fk^ 

Ji{zr.,k) + f _ Wi{z',k)~ ( /c on the left half of C„p, (3.19) 

J {zr.,k) J {k,k) 

J{z,—k), k on — Cup, (3.20) 
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where the path of integration (a, b) in each of the above integrals is the subarc of Cup from 
a to b, in the positive direction. For k G Sz, 2 , we have 


J{z, k) = 

- J2 (Zr, 

k) + 

f W2{z',k), 

k 

on the right half of Ciow 





' {Zr,k) 










(3.21) 

J{z, k) = 

- J2 (Zr, 

k) + 

[ ^ W 2 {z',k)- 

[ W 2 {z',k), k 

on the left half of Ciow, 

(3.22) 




' {Zr,k) 

J (k^k) 



J{z, k) = 

= J(z,- 

-k), 


k 

on Clow, 

(3.23) 


where (a, b) in each of the integrals denotes the subarc of Ciow from a to b, in the negative 
direction. 

Note that the above jumps take place on two open contours on the Riemann surface 
Sz- The first one starts at Zr,i on the first sheet, follows the circle Ca, goes through the 
cut at zi and hnishes at Zr ,2 on the second sheet. The second one start at —Zr,i on the 
hrst sheet, follows the circle —Ca, goes through the cut at —zi and hnishes at —^r ,2 on the 
second sheet. Note also that the jump on the hrst contour is continuous at zi (compare 
(3.19) and (3.22) at k = zi), and, by symmetry, the same is true of the jump on the second 
contour at —zi. 

It follows, simply from the dehnition (3.14) of (l){z, k) and the choice of the determina¬ 
tions, that, on each sheet, (j){z, k) has no jumps on {z, Zr) and (—Zr, —z). On the branch 
cut (—z, z) of the Riemann surface Sz there is also no jumps. Indeed, on the part (—zi, zi), 
k is not close from the paths of integration and we can use the dehnition (3.14) to compute 
the jumps. One has 

<t>t{z,k)-<t>^{z,k)= rw+{z',k)- rw,-{z',k)=o, 


01 {z,k) -(j)^{z,k) 



where we have deformed the original paths of integration 71 and 72 into the segment {zr, z), 
which is possible since the diherential form W{z, k) is closed. When k G is on the — 
side of {zi, z) 01 k & Sz ^2 is on the -|- side of [zi, z), we may deform both paths 71 and 72 
into the segment {zr,z) and we get 


01 {z,k) -(j)t{z,k) 



W+{z',k) = 0. 


Finally, when k G iS^^i is on the -f side of {zi, z) 01 k E Sz^2 is on the — side of {zi, z), we 
deform both paths 71 and 72 into the segment {zr, k) followed by the segment {k, z). Here 
k is closed from the paths of integration, so we use (3.15) to compute the jumps. We get 


<t>t{z, k) = -- WC{z', k)-- Wt{z', k) 


W2^(z', k)-- IF 2 "(^', k) = <P2iZ: k), 
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where we note that the bracketed terms in (3.15) do not contribute to the jumps. 

For completeness, let us remark that, if we would consider k) as a function on 
one of the two sheets only, e.g. then it would have a jump on the segment {—zi,zi), 
considered as an arc on namely 


W,{z',k), 


k e {-zuzi). 


On the second sheet 5^,2, a jump would also occurs. 


- W2{z',k), ke{-zi,zi), 

^low 

which is actually opposite to the previous one. 

The term J^{zr,k) has a polar singularity of order m at k = Zr so that the jumps 
(3.18)-(3.23) have polar singularities of order m at either Zr or —Zr- Hence, instead of 
(p{z, k), we consider 

0 ( 2 :, k) = [{k - Zr){k + Zr))'^(i){z, k), 

whose jumps 

J{z, k) = iy{k — Zr){k + Zr))^J{z, k) (3.24) 

are regular (and he on the same contours as those of (l){z, k)). From the dehnitions of W 
and 0, and in view of (3.11)-(3.12), we have 

lim 

/c^ooi 


lim 

k^002 

so that, in particular, 

0 ( 2 :, cx)i) = -(j){z, 002 ). (3.27) 

Next, the function k —)■ (f>{z,k) remains bounded near the four endpoints Zr^i, Zr, 2 , —Zr,i, 
—Zr ,2 of the two contours where the jumps (3.18)-(3.23) take place. Indeed, near 2 :^ 1 , 
lV(z, k) is of order {k — Zr^i)~^~^^‘^ and consequently 0 ( 2 :, k) is of order {k — Zr,iY^‘^. The 
same fact holds true near the three other points. As a last remark, let us mention that 
0 ( 2 :, k) has poles of order m at z and —^ since this holds true for (p{z, k). We denote by 
pz-ziz, k) the sum of its polar parts at and — 

The jumps (3.24), the relation (3.27) between the values at inhnities and the bound¬ 
edness near the endpoints completely characterize the function 0 — pz-z on Sz- Indeed, if 
there are two such functions, then their difference would be analytic on the compact Rie- 
mann surface Sz-, hence constant. Since it would also satisfy the relation (3.27), it could 
only be the zero function. An explicit expression can be given for the unique solution of 
the Riemann-Hilbert problem dehned by the previous conditions (jumps, relation between 
the values at cx)i and 002 , and boundedness near the endpoints), namely 


p{z,k) = / du = u{z) — u{Zr), 

J Zr 

p{z, k) = — [ du = u{Zr) — u{z), 


(3.25) 

(3.26) 
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1 

Am 


(t){z, k) - (pz-ziz, k) = 



J{z, k') 


Kz,k) A 

AiAAO ; 


dk' 

k' — k 


+ 


1 

Ain 



u-c 


low 


J{z, k') 


( \{z,k) \ dk' 

\A 2 (; 2 , k') ) k' - k' 


(3.28) 


where the contours of integration are oriented as in Figures 2 and 3. In the first integral 
k' G and in the second integral k' G Sz, 2 - Let us check that the expression in (3.28) 
satisfies the characterizing properties of 0 — 4>z-z- Indeed, it dehnes an analytic function 
of k on Sz outside of the two contours Cup U Ciow and —Cup U —Ciow- Thanks to the Plemelj 
formula, we see that it has the right jumps on these contours. Because of (3.11)-(3.12), it 
also satishes relation (3.27). From the formulas (3.18), (3.20), (3.21), (3.23), we get that 
J{z,k') vanishes at the endpoints of the two contours. Hence, the expression in (3.28) 
remains bounded near these endpoints, see [1, Lemma 7.2.2] for details. 

Making use of (3.25), we deduce from (3.28), where we rename k' as k, that 


U[Z) — UiZr) = 


Ai(^,A;) 




J{z, k) 


-Iin I , . , X 

27 ^ Jr\iiz,k) 


271 


4 *^ HZ:k) 

J{z, k) 


dk 


/cw Mz.k) 


dk 


2 vr Jc^ \/{k- z){k + z) 


dk. 


Note that the polar part (j)z-z does not give any contribution in the above computation as 
k tends to infinity. In the second equality we have used the first identity in (3.13) and the 

fact that _ 

J{z, —k) = J{z, k). 

In the last expression, we integrate along the circle Ca oriented counter-clockwise, starting 
at Zr with the determination of the square root that behaves like k at inhnity. At k = zi, 
the determination changes so that the square root remains continuous along the path of 
integration. This hnishes the proof of Theorem 1.3. □ 

The method used in the proofs of Theorems 1.1 and 1.3 could be applied in case of a 
general, bounded, simply-connected domain H in the right half-plane H. For the dehnition 
of the corresponding function (p{z, k), in particular the paths of integration 71 and 72 , one 
could replace the points Zr (resp. zi) by e.g. a point Ur (resp. ui) on the boundary of H 
of smallest (resp. largest) abscissa (hence independant of z). The segment {zi,z) may be 
replaced with any path from ui to ; 2 . In case of an even coefficient a, another path from 
Ur to can be fixed to obtain a path from Ur to Ui that separates H into a lower and an 
upper part. 
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4 The Dirichlet-Neumann map for the case of an even 
coefficient a 


This section is devoted to the proof of Theorem 1.5. Theorems 1.1 and 1.3 give an ex¬ 
pression of the solution to (1.5), and in particular of the jump J{z,k), in terms of its 
tangential and normal derivatives on the boundary of the disk Va. In practice, only one 
type of boundary data is usually known and it is thus important to determine if this 
information is sufficient for computing the solution. 

Using the link (3.7) between complex and directional derivatives, the global relation, 
derived from Proposition 2.1 and Poincare lemma. 



+ + z)u,{z)dz + {k 


z)uz{z)dz) = 0 , 


can be rewritten as 


[{k — z){k + 2 ;)]"/^ ^{{y + ik)ut{z) — xun{z))ds = 0 , 


(4.1) 


for /c G C \ {VaUV_a). We first show that, when a is an even negative integer, (4.1) allows 
one to recover the Neumann data Un from the Dirichlet data Uf. 


4.1 Case of an even negative integer coefficient a 

Proof of Theorem 1.5 when a = —2{m — 1), m eW. Equivalently to recovering the Neu¬ 
mann data Un, we may recover the function 


f{z) := {x + a)uniz + a), z E T, 


( 4 . 2 ) 


from the relation 



z^-^f{z) _ 

{k - a))^{z + {k + a)-i)™ 


dz 



Zm _j_ 

{k - a))^{z + {k + 


( 4 . 3 ) 


where k E C \ ifDa U D-a) and we integrate on T instead of Ca- 
Now, we set 


/i := -l/{k -h a). 


ip{z) 


—z 

1 -|- 2 az 


The map 99 is involutive and sends y to l/{k — a). Moreover, k E C \ (Va U T>-a) is 
equivalent to the fact that y (or v^(/i)) belongs to the annulus 


A:=D\D 


-2a 


4a2 - 1 ’ 4a2 - 1 




so that (4.3) can be rewritten 


^m—1 


f{z) 


It (1 - 



I r z^ ^(yy — i{aja + l))ut{za) 

pJt {i-^{fi)znz-yr ^ 


/i e A. (4.4) 
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The functions f{z),ut{z+a),yut{z+a) are real-valued in T^(T), so they can be decomposed 
as 


f{z) = gi{z)+gi{l/z), ut{z + a) = g 2 {z)+g 2 {l/z), yut{z + a) = g 3 {z) +g^il/z), (4.5) 


with gi{z) holomorphic on D and g^{l/z) holomorphic on C \ D for i = 1,2, 3. Note that 
the imaginary parts of ( 71 ( 0 ), 5 ^ 2 (0), ( 73 ( 0 ) can be chosen at will in the decompositions (4.5). 
For i = 1,2,3, let hi{z) := z^~^gi{z), and 


$i(p) := 


z^ ^gi{z) 


-dz = 


2iTi 


hiiz) 


't (1 - g^{g)z)^{z - (m -1)! V(i - g^{g)zY 

It is clear that the functions are analytic in A. Since 

1 — 9 ?(/i)/i = (/i^ -l- 2 a/i -|- 1)/(1 -|- 2 ay), 


(m—1) 




y G A. 

( 4 . 6 ) 


one derives from the second expressions in (4.6) that the <hj extend analytically to D, except 
at the point Zi, where we denote by Zi and Z 2 the two roots of z"^ + 2az + 1 = 0 , 


2:1 


= —a + V— 1 G H, Z 2 = +(+) = —a — — 1 G C \ 


At the point Zi, the functions <hj have a polar singularity of order at most 2m — 1. We also 
note that the have a zero of order at least m at — l/ 2 a. 

Next, from the fact that is involutive, follows that, for any function g{z) on T, 




gi^/z) 


yiri—l 


-dz = 


g{z) 


-dz. 


Jt (1 - ^{f^)z)^{z - y)^ A (1 - f^z)^{z - (p{y)y 

Therefore, the relation (4.4) can be rewritten as 

4>i(p) - $i(+(/i)) = 4>3(h) - ^3(+(h)) - + l/h)(^ 2 (h) - ^ 2 (+(/i))), ye A. (4.7) 

Note that ( 72 ( 0 ) = 0 since the Fourier coefficient of Ut{z-{-a) of order 0 vanishes. In view of 
(4.6), this entails that $ 2 ( 0 ) = 0 so that the function ^ 2 {y)/y is analytic at 0. Multiplyimg 
both sides of the equation by 

Siy) = {y- z,f^-\y - Z2f^-^/{2ay + 1)”^, 

and rearranging terms, we get 


S'(/i)(<Fi(p) - <F 3 (/i) + i{a + l/p)<F 2 (/i)) 

= S{y){^i{^{y)) - 4>3(+(/i)) + i{a + l//i)4>2(+(/i))). 

The function on the left-hand side is analytic in D. Moreover, the function maps A onto 
itself and sends the inner disk D onto C \ D with the inner circle of A onto the unit circle 
T. Also, — l/2a and cx) map each others by <p. Hence, the term on the right-hand side 
is analytic in C \ D and has a polar singularity of order 2m — 2 at inhnity. Equating the 
left-hand side to the part in the right-hand side that is analytic in D, we get 

S{y)^i{y) = S{y)'^{y) + P2m-2(h), := *^ 3 (h) - *(« + lA)'^2(h), 
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where ^(/x) is a known function depending on ut, and P 2 m- 2 (/^) is a polynomial of degree 
at most 2m — 2, that depends on both ut and Um (hence is unknown). Making use of the 
second expressions in (4.6) of the functions and applying Leibniz rule on the (m — l)-th 
derivatives, we readily obtain that hi{z) satishes the differential equation of order m — 1, 


m —1 


apZ^-^-P{z‘^ + 2az + lYh^^\z) = H{z) + P 2 m- 2 {z), 

p=0 


(4.8) 


where 


OLp — 


[m — p — l)!p! 


and H{z) is a known function, analytic in D, that is given in terms of h 2 {z) and h^lz) by 

m—1 

H{z) = - i{a + 1/z)h^i\z)). 

p =0 

By Lemma 4.1 which, for convenience, we have stated and proved after the present proof, 
there exists a unique solution P 2 m- 2 {z), polynomial of degree at most 2 m — 2, to the 
differential equation 

m—1 


E 

p =0 


apZ^-^-P{z^ + 2az + irpi^ 2 - 2 iz) = P 2 m- 2 iz). 


Hence, hi{z) — P 2 m- 2 {z) coincides with the solution h{z), analytic at Zi, of the differential 
equation 

m—1 

Y, apZ^~^-P{z^ + 2az + Ifh^^Yz) = H{z). 

p =0 

Note that the function h{z) can be explicitely computed as a series expansion around Zi, 
see Lemma 4.1. We know that hi{z) vanishes at the origin with order m — 1, hence it can 
be written as _ _ 

hi{z) = z^~\h{z) + Pm-i{z)), 

where h{z) is known and Pm-i(^) is some polynomial of degree at most m — 1. From the 
link between f{z) and hi{z) follows that 

z^-^fiz) = z^-\hiz) + hil/z)) + Q2m-2iz), 


where _ 

Q2m-2iz) = z"^ ^{Pm-l{z) + Pm-lY/z)) 

is a polynomial of degree at most 2m — 2. From the global relation (4.4) and the fact that 
h{z) is known, we derive that the following integral is also known for p G A, 

S{p) f Q2m-2{Z) ^ S{p) f Q2m-2{Z) 

2 m A (1 - Mz^iz - pr ^ {rn - 1)! V(1 - 

m—1 

= 7-ni E + 2“7‘ + '-YQ'il-M 

(’" - 1 )' u 
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Consequently, Q 2 m- 2 (z) solves a differential equation of the type (4.9) with a second mem¬ 
ber which is necessarily a polynomial, hence analytic at zi. From Lemma 4.1, we know 
that Q 2 m -2 is uniquely determined and can be recovered from this equation. Therefore, 
Pm-i{z), hi{z), gi{z), and hnally f{z) are also uniquely recovered. □ 

Lemma 4.1. Let H{z) be a function analytic in a neighborhood of zi. There exists at most 
one solution h{z) of the differential equation 

m—1 

apZ^-^-P{z^ + 2az + lfh^^\z) = H{z), (4.9) 

p=0 

which is analytic in a neighborhood of Zi. Moreover, if H{z) = P 2 m- 2 {z) is a polynomial 
of degree at most 2m — 2, then the solution h{z) exists and is also a polynomial of degree 
at most 2m — 2. 

Proof. The two roots Zi and Z 2 of z"^ -|- 2az - 1 - 1 are regular singular points of the differential 
equation (4.9). We rewrite it in a neighborhood of zi = —a + — 1 G D, leading to 

m—1 

Y + Zi)^-^-P{z + /3yzPh^P\z) = H{z + Zi), 

p=0 


where jd = — 1 and h{z) = h{z + Zi). Denoting by 'Y^ fhe series expansion of h 

in a neighborhood of 0, we have 


A:=0 


zPh^P\z) = E k ... {k — p + l)afc2:^ 

k=p 

and therefore 

m—1 oo 

Y^ C(p{z + zi)'^~^~P{z /3)^ ^ /c... (/c - p -h l)akZ^ = H{z + zi). 

p=0 k=p 

We compute the coefficient of z^ in the left-hand side of (4.10) which equals 

^m—1 oo , . \ O 


n\ 




k\ 


nfc 


^p=o 

By Leibniz rule we get 

m—1 


k=p 


{k — p)\ 


z 


( 0 ). 


(4.10) 


1 (m-l-p)! ^m-i-p-fci y ^p-k2„ (^ 3 !)^ 

, X . P Ciks 


^ kilkf.kf. {m - 1 - p - ki)\ ^ 

p=0 ki+k2+k3=n 


{p-k2)\ 


{kz-p)V 


where we adopt the convention that 1/g! = 0 if g is a negative integer. Taking into account 
the dehnition of cip, this simplihes to 


1 

n\ 


m—1 

^(-l)^’(2m-p-2)! 

p=0 


pJ kf.k2i(m-1-p-kyi(p-k2)\{k. 


p)\ 


Clk^ • 
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Let us write = n — i where £ is a new index. Then ki + k 2 = i in the previous sum. 
Since ki < m — p—1 and k 2 < p, we deduce that £ takes its values in the set {0,..., m — 1}. 
We thus obtain 


^ m—1 m—1 

i=0 p=0 


{-iy{2m - p - 2)\ 
{n — £ — p)\ 


V^l/ - 1 -p - ^i)Kp 


k2r 


or writing ki = k — p and k 2 = p + £ — k in terms of a new index k, 


1 "^“1 ( 

1 ^ (n 

1=0 


£)\ 




m—1 

5:( 

p=0 


- 1 ) 


p (2m 


P-2)! 


n 


■P)! 


m —1 

E 

fc =0 




{k — p)\{£ + p — k)\{m 


k)\{k-£)\ 


Interchanging the two last sums, we obtain 

m —1 

ttn-ePy n>0, 
e=o 

where = 0 , n < 0 , and we have set, for £ G { 0 ,..., m — 1 }, 


{/3/ziy {-l)P{2m-p-2)\ 

n\/3^ ^ (m — 1 — k)\{k — £)\ ^ {k — p)\{n — £ — p)\{£ + p — k)V 


( 4 . 11 ) 


If £ = 0, the second sum in (4.11) equals 

(-l)'’(2m-p-2)! _ , (2m-k-i)\ 

^ (/c — p)!(n — p)!(p —/c)! {n — k)\ 

and 

,n y^ {-^/zy\2m-k-2)\ 

° ^ {rn — 1 — k)\k\{n — k)\ 

since < 0. The nonvanishing of the coefficients /3q implies that each coefficient a„, 
n > 0 , is uniquely determined whence the hrst assertion of the lemma. 

Next, in order to prove the vanishing of all coefficients a^, n > 2m — 1, when the 
right-hand side is a polynomial of degree at most 2m — 2 , it is sufficient to show that 


= ■ ■ ■ == 0, iVe {0...,m-2}, n = 2m-l + N. (4.12) 

Let N be hxed in {0 ..., m — 2} and £ G {N -|-l,...,m — 1}. From onr convention on the 
factorials of negative integers, the second snm in (4.11) actnally simplihes to 

^ (-l)i»( 2 m-p- 2 )! ^^_^^ (-i)v(2m-k + e-p-2Y. 

^ ik — p)\{n — £ — p)\{£ + p — k)\ {£ — p)\p\(n — k — p)\ 

= ( I't-W ( 2 m-l- + <’-p- 2 )! (-l)P 

^ (2m — 1 + N — k — p) \ p\{£ — p)\ 
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The last expression equals the derivative of order ^ — {N + 1) of the polynomial 


p =0 


ry.2m—k+i—p—2 

Jb 

p\{i — p)\ 


taken at x 


— 1. Thanks to the binomial identity, this polynomial rewrites as 


(- 1 ) 


N+l-e 2m-k-2 
Jb 


{i + xY/b.. 


We then get 


which shows (4.12). 


m—1 


E 


(-l)P(2 m-p-2)! 

{k — p)\{n — I — p)\{l + p — k)\ 


0 


□ 


4.2 Case of an even positive integer coefficient a 

Here we assume a = 2(m + 1), m G N. First, let us check that the global relation (4.1) 
does not allow the reconstruction of Un in this case. Indeed, integrating on T instead of 
Cai the part involving Un in (4.1) now equals 



{k — a))'^{z + l/{k + a))"^f{z) 

^m +1 


dz 


( 4 . 13 ) 


where / is dehned by (4.2) and k E C \ (Va U V_a). With the dehnitions of gi, p, p and A 
as in the previous case, we let, for p E A, 





^"■(1 - ^(p)z)’"g^(z) 

^m +1 


dz 




_ (4-14) 

so that, as before, (4.13) can be rewritten as *hi(/i) — <hi(y:’(/i)). Since this expression only 
involves the derivatives of gi at 0 of order up to m, it does not contain enough information 
to reconstruct gjz) and a fortiori the function f{z). 


Proof of Theorem 1.5 when a = 2(m + 1), m G N. Expressing the closed differential form 
(2.6) in terms of the directional derivatives, thanks to (3.7), and integrating along C, we 
now obtain 



Jy + ik)xut{z) — x'^Un{z) — (2m + l){zz + iyk)u{z))x^^ 


{k- z)^+^{k + z)^+^ 


-ds 


0 , 


for A; G C \ (fDa U V_a). Since we assume that u and Ut are known on the boundary C of 
the domain, our problem is to recover Un from the knowledge, for k E C \ {T>a U P-a), of 
the integral 

^2m+2.^(^\ 

- (1 9 

{k-z)^+Yk + z)^+^ ' 

which is precisely what was done in the previous case (except that the dehnition (4.2) of 
the function / there has to be replaced with f{z) = (x + aY"^~^‘^Un{z + a)). □ 
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